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PRE-CALCULUS       Graphs of Rational Functions (4.3) 
 
RATIONAL FUNCTION (Not a Polynomial Function):  A function with an input variable in the denominator. 
 Can have holes and/or asymptotes… 
 
ANALYZING GRAPHS OF RATIONAL FUNCTIONS 
a. Factor 
b. Find Vertical Asymptotes (Domain) and/or Holes. 
c. Find X intercepts and Y intercepts, if any. 
d. Find Horizontal or Oblique Asymptotes, if any. 
e. Test of Symmetry.  If R(-X) = R(X) even with symmetry about the Y Axis.  If R(-X) = -R(X) odd with 

symmetry about the origin. 
f. Find additional points each side of asymptote.  Sketch 
_____________________________________________________________________________________ 

  1.  
     

 
Vertical Asymptotes   X Int (1,0) Y Int. (0, ¼) 

Horizontal Asymptote   
(since degree of denominator is greater than degree of numerator) 

Symmetry Test:  .  Therefore, R is neither even nor odd. 
 
Find additional points on each side of asymptote. Sketch 
 

 
 
 
 
 
 
 
 
 
 

 
Does it look like this? 
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ANALYZING THE GRAPH

OF A RATIONAL FUNCTION

STEP 1: Find the domain of the rational function.
STEP 2: Locate the intercepts, if any, of the graph. The x-intercepts, if

any,ofR(x) = p(x)/q(x)satisfytheequationp(x) = O.The
y-intercept, if there is one, is R(O).

STEP 3: Testfor symmetry. Replace x by -x in R(x). If R( -x) = R(x),
there is symmetry with respect to the y-axis; if R( -x) =

-R(x), there is symmetry with respect to the origin.
STEP 4: Write R in lowest terms and find the real zeros of the de-

nominator. With R in lowest terms, each zero will give rise to
a vertical asymptote.

STEP 5: Locate the horizontal or oblique asymptotes, if any, using the
procedure given earlier. Determine points, if any, at which the
graph of R intersects these asymptotes.

STEP 6: Graph R using a graphing utility.
STEP 7: Determine additional points on the graph of R and use the

results obtained in Steps 1 through 6 to graph R by hand.

_ Analyzing the Graph of a Rational Function

Analyze the graph of the rational function: R(x) = x
2
- 1

x - 4

So Iuti 0 n First, we factor both the numerator and the denominator of R.

x - 1
R(x) = (x + 2)(x - 2)

R is in lowest terms.
STEP 1: ThedomainofRis {xlx"* -2, x "* 2}.
STEP 2: We locate the x-intercepts by finding the zeros of the numerator.

By inspection, 1 is the only x-intercept. The y-intercept is R(O) = ~.
STEP 3: Because

-x - 1 -(x + 1)R(-x) = = -----'-::----'-
X2 - 4 X2 - 4

we conclude that R is neither even nor odd. There is no symmetry
with respect to the y-axis or the origin.

STEP 4: Since R is in lowest terms, the graph of R has two vertical asymptotes:
the lines x = -2 and x = 2.

STEP 5: The degree of the numerator is less than the degree of the denom-
inator, so R is proper and the line y = 0 (the x-axis) is a horizontal
asymptote of the graph. To determine if the graph of R intersects
the horizontal asymptote, we solve the equation R(x) = 0:

x - 1
--=0
X2 - 4
x - 1 = 0

x = 1
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_ Analyzing the Graph of a Rational Function

Analyze the graph of the rational function: R(x) = x
2
- 1

x - 4

So Iuti 0 n First, we factor both the numerator and the denominator of R.
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inator, so R is proper and the line y = 0 (the x-axis) is a horizontal
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x - 1
--=0
X2 - 4
x - 1 = 0

x = 1

y ≠ 0
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The only solution is x = 1, so the graph of R intersects the hori-
zontal asymptote at (1,0).
The analysis just completed helps us to set the viewing window
to obtain a complete graph. Figure 44(a) shows the graph of

R( x) = x
2
- 1 in connected mode, and Figure 44(b) shows it in dot

x - 4
mode. Notice in Figure 44(a) that the graph has vertical lines at
x = -2 and x = 2. This is due to the fact that, when the graphing
utility is in connected mode, it will "connect the dots" between con-
secutive pixels.We know that the graph of R does not cross the lines
x = -2 and x = 2, since R is not defined at x = -2 or x = 2.When
graphing rational functions, dot mode should be used if extraneous
vertical lines appear. You should confirm that all the algebraic con-
clusions that we arrived at in Steps 1 through 5 are part of the graph.
For example, the graph has vertical asymptotes at x = -2 and x = 2,
and the graph has a horizontal asymptote at y = O.The y-intercept
is! and the x-intercept is 1.
We use the table feature of our graphing utility to find additional
key points on the graph of R.To determine key points, use the zero
of the numerator, 1, and the zeros of the denominator, -2 and 2, to
divide the x-axis into four intervals:

Figure 44 STEP 6:
4

-4 ~ ~

\
...•. 4

-4
Connected mode

(a)

4

STEP 7:

-4
Dot mode
(b)

-00 < X <-2 -2 < x < 1 1<x<2 2<x<oo

Evaluate the function at any value of x within each interval and at
the endpoints. See Table 15. Using the points obtained in Table 15
along with the information gathered in Steps 1 through 6, we obtain
the graph of R shown in Figure 45.x

-3 -.B-z ERROR
I) .;;:5:
1 I)
1.5: ".;;:B5:7
;;: ERROR
3 .'1

Figure 45

Y1B(X-l)/(X;;:-4)

NOW WORK PROBLEM 1.

x=-2 X= 2

-3 -
I
I (1.5, -0.29)
I
I
I
I
I
I
I

_ Analyzing the Graph of a Rational Function

Analyze the graph of the rational function:
X2 - 1

R(x) =--
x

Solution STEP 1: The dornain of Ris j.e lx se O}.
STEP 2: The graph has two x-intercepts: -1 and 1. There is no y-intercept,

since x cannot equal O.
STEP 3: Since R(-x) = -R(x), the function is odd and the graph is sym-

metric with respect to the origin.
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ANALYZING GRAPHS OF RATIONAL FUNCTIONS 
a. Factor 
b.  Find Vertical Asymptotes (Domain) and/or Holes. 
c. Find X intercepts and Y intercepts, if any. 
d. Find Horizontal or Oblique Asymptotes, if any. 
e. Test of Symmetry.  If R(-X) = R(X) even with symmetry about the Y Axis.  If R(-X) = -R(X) odd with 

symmetry about the origin. 
f. Find additional points each side of asymptote.  Sketch 
_________________________________________________________________________________________ 
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Solution STEP 1: The dornain of Ris j.e lx se O}.
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since x cannot equal O.
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NOW WORK PROBLEM 9.

_ Analyzing the Graph of a Rational Function

Analyze the graph of the rational function: R(x) = 3x
2
- 3x

X2 + X - 12

So I uti 0 n We factor R to get

3x(x - 1)R( x) - ---'------'----
(x + 4)(x - 3)

R is in lowest terms.

STEP 1: The domain of R is {xix =f. -4, x =f. 3}.
STEP 2: The graph has two x-intercepts: 0 and 1.The y-intercept is R(O) = O.
STEP 3: Because

-3x(-x - 1)
R(-x) = -(--x-+-4-)(---x---3-)

3x(x + 1)
(x - 4)(x + 3)

-10
Connected mode

(a)

STEP 6:

we conclude that R is neither even nor odd. There is no symmetry
with respect to the y-axis or the origin.

STEP 4: Since R is in lowest terms, the graph of R has two vertical asymptotes:
x = -4 and x = 3.

STEP 5: Since the degree of the numerator equals the degree of the denom-
inator, the graph has a horizontal asymptote. To find it, we form the
quotient of the leading coefficient of the numerator, 3, and the lead-
ing coefficient of the denominator, 1.Thus, the graph of R has the
horizontal asymptote y = 3.To find out whether the graph of R in-
tersects the asymptote, we solve the equation R(x) = 3.

R(x)= 3x
2
-3x =3

X2 + x - 12
3x2 - 3x = 3x2 + 3x - 36

-6x = -36

x=6

The graph intersects the line y = 3 at x = 6, and (6, 3) is a point on
the graph of R.
Figure 48(a) shows the graph of R in connected mode. Notice the
extraneous vertical lines at x = -4 and x = 3 (the vertical asymp-
totes). As a result, we also graph R in dot mode. See Figure 48(b).
We use the TABLE feature of our graphing utility to find addition-
al key points on the graph of R. To determine key points, use the
zeros.of the numerator, 0 and 1, and the zeros of the denominator,
-4 and 3, to divide the x-axis into five intervals

Figure 48

10

-10

~ '---

r \
10

STEP 7:
10

'---
10 -00 /- x < -4 -4 < x < 0 0 < x < 1 1 < x < 3 3 < x < 00

Evaluate the function at any value of x within each interval. We
also evaluate the function on each side of x = 6, because we do
not know whether the graph of R crosses or touches the horizon-
tal asymptote, y = 3. See Table 17. From the table we conclude
that the graph of R crosses the horizontal asymptote y = 3 at (6,3),

-10
Dot mode
(b)
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PRACTICE 
 
ANALYZING GRAPHS OF RATIONAL FUNCTIONS 
a. Factor 
b.  Find Vertical Asymptotes (Domain) and/or Holes 
c. Find X intercepts and Y intercepts, if any. 
d. Find Horizontal or Oblique Asymptotes, if any. 
e. Test of Symmetry.  If R(-X) = R(X) even with symmetry about the Y Axis.  If R(-X) = -R(X) odd with 

symmetry about the origin. 
f. Find additional points each side of asymptote.  Sketch 
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_ Analyzing the Graph of a Rational Function with a Hole

R(x) = 2X2 - 5x + 2
X2 - 4

Analyze the graph of the rational function:

So I uti 0 n We factor R and obtain

Figure 51

10

----_/
~

./
-6

-10

TABLE 1 8
X 1M]

1.99 .7'16B7
1.999 .7'1969
1.9999 .7'1997;:; ERROR
V)(I(l1 .75(1(13:
;:;.(1(11 .75(13:1
;:;.(11 .753:1;:;

Y1 EI(2X2-5X+2)/(, ..

(2x - l)(x - 2)
R(x) = (x + 2)(x - 2)

In lowest terms,

()
2x - 1

Rx=---
x + 2 ' x*-2

STEP 1: The domain of R is {xix *- -2, x » 2}.
STEP 2: The graph has one x-intercept: 0.5. The y-intercept is R(O) = -0.5.
STEP 3: Because

R(-x) = 2X2 + 5x + 2
X2 - 4

we conclude that R is neither even nor odd. There is no symmetry
with respect to the y-axis or the origin.

STEP 4: The graph has one vertical asymptote, x = -2, since x + 2 is the
only factor of the denominator of R(x) in lowest terms. However,
the rational function is undefined at both x = 2 and x = -2.

STEP 5: Since the degree of the numerator equals the degree of the denom-
inator, the graph has a horizontal asymptote. To find it, we form the
quotient of the leading coefficient of the numerator, 2, and the lead-
ing coefficient of the denominator, 1.Thus, the graph of R has the
horizontal asymptote y = 2. To find whether the graph of R inter-
sects the asymptote, we solve the equation R(x) = 2.

R(x) = 2x - 1 = 2
x+2

2x - 1 = 2(x + 2)
2x - 1 = 2x + 4
-1 = 4 Impossible.

4
The graph does not intersect the line y = 2.

STEP 6: Figure 51 shows the-jraph of R( x). Notice that the graph has one ver- .
tical asymptote at x = -2.Also, the function appears to be contin-
uous at x = 2.

STEP 7: The analysis presented thus far does not explain the behavior of the
graph at x = 2. We use the TABLE feature of our graphing utility
to determine the behavior of the graph of R as x approaches 2. See
Table 18.From the table, we conclude that the value of R approaches
0.75 as x approaches 2. This result is further verified by evaluating
R in lowest terms at x = 2.We conclude that there is a hole in the
graph at (2, 0.75). To find additional points on the graph of R,we cre-
ate Table 19.Using the points obtained in Table 19 along with the in-
formation gathered in Steps 1 through 6, we obtain the graph of R
shown in Figure 52.



 
CONSTRUCTING A RATIONAL FUNCTION FROM ITS GRAPH 
a. Find X intercepts and the corresponding binomial factors for the numerator 
b. Find Vertical Asymptotes and corresponding binomial factors for the denominator 
c. Find the Horizontal Asymptote and corresponding leading coefficient for the numerator 
d. Write the equation and test some points. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
HW4.3; 9, 11, 15, 17, 19, 23, 27 

226 CHAPTER 3 Polynomial and Rational Functions

x
-3 7
-2 ERROR
-1 -3
(I -.S:
1 .33333
2 ERROR
3 1
Y1B(2X2-5X+2)/C..

Figure 52 y

-

x= -2
8

6

4 (2.0.75)
(1.0.33)
---- -(3.1) -- Y= 2

-4 -3 3 x

As Example 4 shows, the zeros of the denominator of a rational function
give rise to either vertical asymptotes or holes on the graph.

NOW WORK PROBLEM 27.

We now discuss the problem of finding a rational function from its graph.

_ Constructing a Rational Function from Its Graph

Figure 53

Solution

Make up a rational function that might have the graph shown in Figure 53.

X= -5 Y

10

X= 2

t
1
1
1
1
1
1
1T--------- y=2

1
1

1
1
1
1
1-------1----

5

15 x-15 -10 10

-10---The numerator of a rational function R(x) = p(x)/q(x) in lowest terms deter-
mines the x-intercepts of its graph.The graph shown in Figure 53 has x-intercepts
-2 (even multiplicity; graph touches the x-axis) and 5 (odd multiplicity; graph
crosses the x-axis).So,one possibilityfor the numerator is p( x) = (x + 2)2( X -

5). The denominator of a rational function in lowest terms determines the ver-
tical asymptotes of its graph. The vertical asymptotes of the graph are x = -5
and x = 2. Since R(x) approaches 00 from the left of x = -5 and R(x) ap-
proaches --00 from the right of x = -5, we know that (x + 5) is a factor of odd
multiplicity in q(x). Also, R(x) approaches --00 from both sides of x = 2, so
(x - 2) is a factor of even multiplicity in q(x). A possibility for the denorn-

(x + 2)2(X - 5)
inator is q(x) = (x + 5)(x - 2f So far we have R(x) = ( )( )2'

x+5 x-2


